Ringing the Changes
The Problem: 

4 bells can be rung in several different orders - each sequence called a 'peal' . 

Calling the bells A, B, C, and D, we have peals like : ABCD, ACDB, CADB etc. 

'Ringing the changes' involves changing the order of the bells in a peal by a single 'swap' or 'exchange' of adjacent bells - 

for example A B C D could become B A C D , using a Left exchange, 

or A C B D , using a Middle exchange, 

or, finally, A B D C , using a Right exchange . 

The problem is to work your way through all the different peals, once and once only, using only L, M or R exchanges, and finishing up back at A B C D . 

Solutions :
The ' L M L M L M ' or ' R M R M R M ' type cycles are of order 6:
eg 
ABCD - BACD - BCAD - CBAD - CABD - ACBD - ( ABCD again )
The ' L R L R ' or ' R L R L ' type cycles are of order 4:
eg 
BDAC - DBAC - DBCA - BDCA - ( BDAC again )
 The overall solution to the problem of cycling through all 24 'peals' in this systematic way is to use one of the sequence of changes below. 
You can begin with any peal you like, and start the sequences below at any point you like.
M L M R M R M L M L M R M R M L M L M R M R M L 
L M R L R M L R L M R L R M L R L M R L R M L R
Notes:
Possible Prompts 

Can you find a sequence of L s and M s that will take you from A B C D and back again? 

Can you find a sequence of L s and R s that will take you from A B C D and back again ? 

How long are these cycles ? 

The fact that breaking into the cycle at any point should be equally valid is rather an eye-opener for students . 

( eg the sequence L M L M L M gives the same cycle of 6 peals as M L M L M L ) 

Thinking about the original problem, is it important to work through all the peals beginning with A , before working through those beginning with another letter ? 
One method is to use ( say ) those beginning with B as a kind of 'switching mechanism' between the other 3 lists of 6 peals, using 2 B_ _ _ peals to pass from the A_ _ _ s to the C_ _ _ s, then 2 B_ _ _ s to pass from the C_ _ _ s to the D_ _ _ s . 

Notes 2 : 

A Geometric Analogy : 

The 4 and 6 nature of these cycles suggests squares and hexagons, and the cycles of peals can be drawn out using the vertices for the various peals, and the edges for the L , M and R 'exchanges'. 

The problem of 'ringing the changes' now becomes that of finding a closed loop around the diagram, passing through each vertex once and once only ... 


It's clear from this diagram that a successful strategy is to use the peals beginning with A as a kind of 'switch' for transferring from 'B' peals to (say) 'C' peals and so on. 

Finally, the exchanges can be modelled in 3-D, rather wonderfully, by the edges of a polyhedron - the truncated Octahedron - while the vertices represent the various peals 
A B D C , A D B C etc. 

Start with any peal written at a vertex, and label the 3 edges leading from it L , R and M. This tells you what the neighbouring vertices will be, after the relevant exchange. 



A 'Schlegel' diagram, or similar plan, could be used as a substitute for making the model 

 
The problem of 'ringing the changes' now becomes that of finding a closed loop around the polyhedron, passing through each vertex once and once only ... 

The loops, and the sequence of exchanges that describe them, are pleasingly symmetric ! 

 

