Polygon Pi Approximations

The Problems :

A
 

Consider a circle of radius 1 unit, and 2 regular hexagons as above - one inscribed within, the other escribed without. Find the perimeters of the 2 hexagons, and hence an estimate of the circle perimeter as their average.
B 

The famous number 'Pi' is the ratio of Circumference ÷ Diameter of a circle.
What value does your work in Part A give for Pi ? How far out is this ? A neat way to describe the accuracy is to give the 'error' as a percentage of the true value of Pi. Find this percentage error for the 'hexagon' method.
C 

Repeat the procedure for 2 dodecagons ( 12-sided polygons ). How much closer is your estimate now ? Use the 'percentage error' method to compare.
D ( Harder ) 

How many sides do you need to take in order to get an estimate of Pi that is accurate to within 0.01 % ?
Solutions :
A 
Area of Outer Hexagon = 6.92820323 
Area of Inner Hexagon = 6
Estimate of Circumference = 6.464101615
B
Estimate of Pi = 3.232050808 ; Percentage Error = 2.9 %
C
Area of Outer Dodecagon = 6.430780618 
Area of Inner Dodecagon = 6.211657082
Estimate of Circumference = 6.32121885
Estimate of Pi = 3.160609425; Percentage Error = 0.6 %
D
91 sides are needed to estimate Pi with a Percentage Error of less than 0.01 %
Notes :
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In the first Figure, Trigonometry gives us that the total perimeter of the inscribed Hexagon = 

12 x ( sin ( 360 ÷ 12 ) ) = 12 x 0.5 = 6
In the second Figure, the corresponding result is :
12 x ( tan ( 360 ÷ 12 ) ) = 12 x 0.5773502691896 = 6.928203230276
Hence, the average gives an estimate for the true perimeter of the circle, which we know to be given by ( Pi x 2 ) ...
This gives an estimate of Pi to be :
6 ( sin ( 180 / 6 ) + tan ( 180 / 6 ) ) ÷ 2
= 3.232050807569
based on ( 6 - sided ) Hexagons ...
 

Clearly, we can use this same method for any size Polygon ...
For example, Dodecagons give us :
Estimate of Pi = 12 ( sin ( 180 / 12 ) + tan ( 180 / 12 ) ) ÷ 2
= 3.160609425202
While, for 1000 - side polygons, we have :
1000 ( sin ( 180 / 1000 ) + tan ( 180 / 1000 ) ) ÷ 2
= 3.14159237468
which is getting pretty close ... ( to within 0.0001 % )
