Mean Square

The Problem:

Place each of the numbers 1 to 9 in the grid below, so that, in each line of three numbers, the number in the middle is the Mean of the two numbers on either side of it.


Is there another way to do it ?

Solution:



There is, in fact, only one possible solution (plus isometries), and the argument is simple:

There are 8 lines of three numbers requiring the same mean in the centre – which can therefore only be the number 5.

Neither 9 nor 1 can be the mean of another pair of (both smaller/larger) numbers, so must go in corners – opposite to each other, so as to have mean 5 in the centre.

That determines that the other corners be odd numbers too- in order to yield integer means between them.

The choice of which of 3 and 7 go in which remaining corner simply determines the ‘left’ or ‘right’ handedness of the solution.

 The even numbers slot in appropriately.

You can rotate this solution by 90°, 3 times, or reflect it and then rotate it by 90°, 3 times, giving eight possible arrangements. A nice way to see these diagrammatically is to use a non-symmetrical letter, such as an ‘F’, to represent ones original arrangement, and then…



