An Angle Puzzle





The Problem :





Let L be a fixed line and A a fixed point, not on L. 





Let B, C be points that move on L such that the angle ÐBAC is constant and less than 180°. 





Prove that the area of DABC is least when  AB = AC.
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Solution :





�


An Intuitive approach:


Think of the angle at A being composed of a piece of card, the lines AB and AC extended beyond line L. The card is free to pivot about A.





The area of (ABC  is given by half the product of the distance BC and the height of A above BC - and this latter is fixed.


Hence, for minimum area, we want the distance between B and C to be a minimum, and this will be the case when B and C are symmetrically placed. 


	





The proof of this can be based on trigonometry and calculus, but it has a much prettier and more elementary solution using similar triangles and the theorem about angles in the same segment.


 It’s a bit involved, but very elegant and unexpected, and makes a good study for bright students, of any age…!





The Proof:


Choose the unit of measurement such that the perpendicular distance from A to L is 2 units. 


Then, if BC  =  a, say, we have Area of (ABC = D  =  ½ . a . 2  =  a, also.
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Now choose fixed points B/, C/, one unit apart (they can be anywhere you like, not connected to the first diagram).





Find A/ such that DA/B/C/ is similar to DABC.	


(Make all the corresponding sides parallel, if you like). 








The scale factor between (ABC and (A’B’C’ is a/1 = a





Let D/ be the area of DA/B/C/. 





Then, using the idea of the ‘area factor’, under enlargement:





 D / D/ =  (BC / B/C/)2  =  (a/1)2 =  a2 





But a2 = D2, so D / D’ =  D2  and  hence D.D/ = 1 (check the working!)





We want D to be a minimum.
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The relationship D.D’ = 1 means that D is least when D/ is greatest, and since B/ and C/ are fixed, this happens when the perpendicular distance from A/ to B/C/ is greatest. 
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But B/, C/ are fixed and so is ÐB/A/C/, so that as B, C vary, A/ must move, correspondingly, on an arc of a fixed circle through B/ C/. 





The perpendicular distance from A/ to B/C/ will be greatest when A/ is at the end of the diameter of this circle perpendicular to B/C/, 


and since this diameter is the perpendicular bisector of B/C/,


we then have A/B/  =  A/C/, whence AB = AC.


