Overlapping Figures
The Problem :
An equilateral triangle is put down upon a congruent equilateral triangle so that O is a vertex of one triangle and the centre of the other.  There is an area where the two triangles overlap.  What possible fractions of either triangle can this area be?

Repeat the problem for a square, and for a hexagon.

Which of the regular polygons behave like squares?
Hints:
1. For the triangles, first divide into 9 smaller triangles, then look at symmetrical positions, and consider how many of the nine smaller triangles can be covered.

2. For the square and the hexagon, look for congruent triangles…

3. For other polygons, consider when there are pairs of congruent triangles.

Solutions:
A. For the triangles, there is always the equivalent of one triangle in the central hexagon covered.   The question is how much of one of the three corner triangles is covered, and inspection shows that it is anything from 0 to 1.  So the area covered is always between 1/9 and 2/9 of the total area.
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B. For the squares, the shaded triangles are congruent, so that the fraction covered is always 1/4 
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C. For the hexagons, again, the shaded triangles are congruent, so that the fraction covered is always 1/3
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D. The ‘congruent triangles’ property – as applied to the square and the hexagon, above - only applies when the angle at the centre of the polygon, between adjacent ‘radii’ (from centre to vertices of the polygon), is a factor of the angle between two sides. 

We require   k (360/ n) = 180 – 360/n where k is an integer.

k must therefore be n/2  – 1, which is always possible for even n and never for odd n.

Further question:
What fraction of the whole figure does the overlap comprise?

Triangles:
between 1/17 and 1/8
Squares:
always 1/7


Hexagons:
always 1/5

