Inner Triangle

The Problem:

A point P is chosen somewhere on the base AB of the triangle shown below.

A line parallel to AC is drawn from P to meet BC at Q.

Then a line parallel to BA is drawn from Q to meet AC at R.

R is joined to P to form an ‘inner’ triangle PQR.
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Where should point P be placed in order to make the area of PQR as big as possible ?

Hint:

Call the base of the original triangle ‘l’, and the height ‘h’.

Then maybe call AP =  AB, and work out some areas…
Solution:

we require P to be the mid-point of AB, whereupon, as a quick sketch makes obvious, area of  PQR =  of ABC 

‘Common sense’ (always risky !) suggests that taking P too close to A makes the inner triangle tall but too thin, whilst taking P too close to B makes it wide but too low.

Hence, somewhere in the middle would seem like a good bet…
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This is, in fact, the case.

First, notice that the parallel lines mean that PQR = APR, so we can find the required area by multiplying AP by TN.

Take 
AP = .AB
(0 a 1)

Then RQ = .AB too (parallelogram)

Now, 
CRQ is similar to CAB, with scale factor RQ/AB = 

So, 
CT =.CN

and 
TN = (1-).CN

Area of  APR 
= .AP.TN 

= .AB(1-)CN 

= .(.AB.CN) 
= .[Area of ABC]

So now we know that the area of PQR is that of the surrounding triangle ABC, multiplied by a fraction  .

To minimise this (area = zero), we make  = 0 or 1 (as surmised at the start)

To maximise, we maximise the product  , whose graph is shown below for varying , having a maximum value of   , when a =  .
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Hence, we require P to be the mid-point of AB, whereupon, as a quick sketch makes obvious, area of  PQR =  of ABC
